A. The cohomology H ⁄ (¡, E) of an arithmetic subgroup ¡ of a connected reductive algebraic group G de£ned over Q can be interpreted in terms of the automorphic spectrum of ¡. In this frame there is a sum decomposition of the cohomology into the cuspidal cohomology (i.e., classes represented by cuspidal automorphic forms for G) and the so called Eisenstein cohomology. The present paper deals with the case of a quasi split form G of Q-rank two of a unitary group of degree four. We describe in detail the Eisenstein series which give rise to non-trivial cohomology classes and the cuspidal automorphic forms for the Levi components of parabolic Q-subgroups to which these classes are attached. Mainly the generic case will be treated, i.e., we essentially suppose that the coe-cient system E is regular.
I
Let G be a connected semisimple algebraic group de£ned over an algebraic number £eld F. Suppose that the F-rank of G is greater than zero. Let K R be a maximal compact subgroup of the real Lie group G(R) of real points of G, and denote by X G(R) = G(R)/K R the associated symmetric space. Let (", E) be an irreducible algebraic representation of G(R) on a £nite dimensional complex vector space E.
An arithmetic torsion free subgroup ¡ of G (F) acts properly and freely on X G(R) . The quotient ¡\X G(R) is a non-compact complete Riemannian manifold of £nite volume. Our object of concern is the cohomology H † (¡\X G(R) , E) of this arithmetically de£ned locally symmetric space, its relationship with the theory of automorphic forms and certain number theoretical questions embodied in this relation.
into the subspace of classes represented by cuspidal automorphic forms for G and the Eisenstein cohomology constructed as the space of appropriate residues or derivatives of Eisenstein series attached to cuspidal automorphic forms … on the Levi components of proper parabolic F-subgroups of G. Thus, there is a sum decomposition where the sum ranges over the set C of classes of associate proper parabolic F-subgroups. These Eisenstein cohomology classes can be arranged according to the notion of cuspidal support for the Eisenstein series involved. This leads to a re£ned decomposition of each of the subspaces H † {P} (¡\X G(R) , E) indexed by a class of associate proper parabolic subgroups of G where the sum ranges over a certain set of classes of associate irreducible cuspidal automorphic representations of the Levi components of elements of {P} (cf. Theorem 2.3 
]).
However these results do not give a description of the internal structure of the subspaces H † {P} (¡\X G(R) , E) or account for the arithmetic nature of the classes therein. Only for a few groups of small F-rank e.g., GL 2 /F, GL 3 /Q or the symplectic group S p 2 /Q of Q-rank two (cf. [H87, H93, S83, S86, S95, ), these questions are more closely examined. These results provide evidence that the occurrence of speci£c types of Eisenstein cohomology classes is related to the analytic properties of certain Euler products (or automorphic L-functions) . Moreover, questions in and connections with arithmetical algebraic geometry play an important role in these investigations.
In the present paper we are concerned with the case of a unitary group of degree four. Let F/Q be an imaginary quadratic extension of Q. Let x →x be the non-trivial automorphism of F/Q of order two. If V denotes the four dimensional vector space is a quasi-split semisimple algebraic group de£ned over Q. The Q-rank of G = S U(V, H) is two. In this case, the set C of classes of associate parabolic Q-subgroups of G coincides with the set of conjugacy classes. Thus, the class {G}, the two conjugacy classes {P 1 }, {P 2 } of maximal parabolic Q-subgroups and the class {P 0 } of the minimal parabolic Q-subgroups account for the set C. In the decomposition alluded to above the cuspidal cohomology corresponds to the class {G}.
As our main results we determine the individual constituents of the subspaces
of the Eisenstein cohomology. We describe in detail the Eisenstein series which give rise to non-trivial cohomology classes and the cuspidal automorphic forms for the Levi components to which these classes are attached. In this paper, the generic case is mainly dealt with, i.e., we suppose that the highest weight of the representation (", E) is regular. We will pursue the other case in a subsequent paper in which, in particular, as one part of the study the contribution of the residual spectrum (as described in [Konno] ) is discussed. This makes an analysis of the analytic behavior of certain Euler products necessary which naturally come up in the constant terms of the Eisenstein series in question.
Finally we note as one example: our result in the case j = 2 (cf. Theorem 5.6) suggests that it might be possible to establish a relation by way of congruences between cuspidal automorphic forms for congruence subgroups of S L 2 /F, F/Q an imaginary quadratic extension and forms for S U (V, H) . This would be very much in the spirit of the congruences between a Siegel modular form and an elliptic modular form recently described by Harder [H03] .
We now give an overview of the structure of this paper. In Section 1, we review the description of the cohomology of congruence subgroups in a connected reductive Q-group in terms of automorphic forms. We then describe the decomposition of the cohomology as alluded to above. In Section 2, we recall the actual construction of Eisenstein cohomology classes. We make essential use of results in [S83] . In this context, we speak of a cohomology class "at in£nity" of type (…, w) where … is a cuspidal automorphic representation of the Levi component of P and w ranges over the set of minimal coset representatives for the left cosets of the Weyl group of P in the one of G. These two parameters play a decisive role in the following investigations.
In Section 3, the focus is on the unitary group S U(V, H). We £x the notation for the root system, and we describe the Langlands decomposition of the parabolic subgroups. Finally, we explicitly determine the various restrictions of speci£c weights " w (depending on the parameter w as above) to the Levi Cartan algebras. This is the £rst step towards determining the points of evaluation for the Eisenstein series we have to consider. Section 4 contains the results pertaining to the cohomology "at in£nity". The possible types (…, w) and their corresponding Archimedean components … ∞ are given. Section 5 contains the complete structural description of the Eisenstein cohomology in the generic case.
In Section 6, for the sake of completeness, we discuss the cuspidal cohomology. It decomposes as a £nite algebraic sum where the sum ranges over all cuspidal automorphic representations for which the in£nitesimal character of its Archimedean component matches the one of the representation E ⁄ contragradient to (", E). Thus we are led to make explicit the classi£cation in [V-Z] of the irreducible unitary representation of the real Lie group G(R) with non-vanishing cohomology. We list these representations (up to equivalence) and determine their cohomology.
Notations. We use almost the same notations with those in . We denote by A, A f and A ∞ the ring of adeles, £nite adeles and in£nite adeles, of Q, respectively.
The algebraic groups considered are linear. If H is an algebraic group de£ned over a £eld k, and k is a commutative k-algebra, we denote by H(k ) the group of k -valued points of H except in §4. In §4, H denotes the group of real-valued points H(R). The connected component of the identity of the group H(R) is denoted by H(R) -. The ring of k -points of n by n matrices are denoted by Mat n (k ).
Let G be a connected reductive algebraic group de£ned over Q. Suppose that a minimal parabolic Q-subgroup P 0 of G and a Levi decomposition P 0 = L 0 N 0 of P 0 over Q have been £xed. By de£nition, a standard parabolic Q-subgroup of G is a parabolic Q-subgroup P of G with P 0 ‰ P. Then P has a unique Levi decomposition
is the maximal Q-split torus in the center of L P 0 , then there is a unique Langlands decomposition P = M P A P N P with M P M 0 and A P ‰ A 0 . The Lie algebras of the group of the real points (e.g. G(R), L(R), . . .) are expressed by corresponding Euler Fraktur (e.g. g, l, . . .). The complexi£cation of the real Lie algebra g is denoted by g C . We put
denotes the group of Q-rational cocharacters. By the natural pairing of ³ a 0 and a 0 , one has direct sum decompositions a 0 = a P ' a P 0 and ³ a 0 = ³ a P '³ a P 0 , respectively. Let a Q P be the intersection of a P and a Q 0 . Similar notation is used for ³ a Q P . By M P resp. m P , we denote the intersection ∩ ker(´) resp. ∩ ker(d´) of the kernels of all rational characters´of P. Then a . The set of absolute roots of H(C), the set of its simple roots and the absolute Weyl group of H are denoted by '(H), ¢(H) and W H respectively.
We choose a maximal compact subgroup K of G(A) of the form K = K R C with C ‰ G(A f ), which we suppose in good position. Then G has the Iwasawa decomposition G(A) = L P (A)N P (A)K for a given standard parabolic Q-subgroup P of G and the standard height function H P : G(A) → a P is de£ned in a usual way.
Let U(g) be the universal enveloping algebra of g, and let Z(g) be its center. Any element D in U(g) de£nes a difierential operator on the space C (1)
has only £nitely many connected components each of which has the form ¡\G(R) -/K R for an appropriate arithmetic subgroup ¡ of G. We £x a £nite dimensional algebraic representation (", E) of G(C) in a vector space E. Suppose (for the sake of simplicity) that A G acts on E by a central characterÉ. We may consider the cohomology groups
of X C with coe-cients in the local system E de£ned by (", E) . For example, these cohomology groups are de£ned as the cohomology of the de Rham complex of E-valued currents on X C . By passing over the open compact subgroups C ‰ G(A f ) one has a direct system of cohomology groups. The corresponding inductive limit
is de£ned and carries a natural structure as a
where the G(A f )-action on the right hand side is twisted by the characterÉ attached to (", E).
Without altering the cohomology H
may be replaced by the subspace V G of smooth complex valued functions of uniform moderate growth. By de£nition, a C
The space V G carries in a natural way the structure of a (g,
Let C be the set of classes of associate parabolic Q-subgroups of G. For {P} ∈ C denote by V G ({P}) the space of elements in V G which are negligible along Q for every parabolic Qsubgroup Q ∈ C, Q {P}, i.e., given Q = LN for all g ∈ G(A) the function l → f Q (lg) (where f Q denotes the constant term of f with respect to Q) is orthogonal to the space of cuspidal functions on
The spaces V G ({P}), {P} ∈ C, are submodules with respect to the (g, K R , G(A f ))-module structure. Finally, proved by Langlands [L] (see also [B-L-S, 2.4]), the space V G has a decomposition as a direct sum of (g,
induces an isomorphism ¡ on the level of (g, K R )-cohomology, i.e., one gets in view of the decomposition
Let Z(g) be the center of the universal enveloping algebra of the Lie algebra g of G and let J ‰ Z(g) be the annihilator of the dual representation E ⁄ in Z(g). The space of K R -£nite smooth functions of uniform moderate growth in V G which are annihilated by a power of J is denoted by A E . For a given class {P} ∈ C we put
The space A E (resp. the spaces
The inclusion A E → V G of the spaces of automorphic forms on G (with respect to (", E)) in the space V G of functions of uniform moderate growth induces, by [F, Theorem 18 ], an isomorphism on the level of (m G , K R )-cohomology. One obtains the decomposition
As exhibited in [F-S] there is a re£nement
f the decomposition (9) where for a given class {P} in the set C of associate parabolic Q-subgroups of G the second sum ranges over the set ' E,{P} of classes`= {Q} Q∈{P} of associate irreducible automorphic representations of the Levi components of elements of {P}. One can give two alternative de£nitions of the spaces A E,{P},`o ne by use of the concept of the constant term, the other one in terms of Eisenstein series or residues of such. For details we refer to Section 2.2, respectively [F-S, Section 1.5]. This decomposition of A E , along the cuspidal support implies a corresponding one in cohomology
The cuspidal cohomology to be denoted by
is, by de£nition, the summand indexed by the class {G} ∈ C in this decomposition. The natural complement to the cuspidal cohomology in H † (G, E) is called the Eisenstein cohomology, i.e., one has, by de£nition,
C  E  
2.1. Eisenstein series. Let {P} ∈ C be a class of associate parabolic Q-subgroups of G represented by a standard parabolic Q-subgroup P = L P N P . Let`= {Q} Q∈{P} be a class of associate irreducible cuspidal automorphic representations of the Levi components of elements of {P}, i.e., by de£nition, given Q ∈ {P},Q is a £nite set of irreducible representations of L Q (A) which are unitary modulo the center, such that for each … ∈Q the central character.:
)´… (with respect to.). Moreover, certain compatibility conditions as speci£ed in [F-S, 1 .2], have to be satis£ed, and we suppose that for each … ∈Q its in£nitesimal character coincides with the one of E ⁄ . Recall that the set of all collections = {Q} Q∈{P} constitute ' E,{P} for a given {P} ∈ C. Consider an irreducible representation … ∈Q for a given Q ∈ {P} and a given collectioǹ ∈ ' E,{P} . Let. be the unitary representation
and let W Q,. be the space of smooth K R -£nite functions
, there is the Eisenstein series depending on the complex parameter ‚ ∈³ a G Q de£ned (at least formally) by
If the real part of the complex parameter is su-ciently regular and lies inside the positive Weyl chamber (³ a
is holomorphic in the region of absolute convergence and has a meromorphic continuation to all of ³ a G Q . Its singularities lie along certain root hyperplanes. 2.2. The spaces A E,{P},. For a given collection`= {Q} ∈ ' E,{P} we consider … ∈Q, Q ∈ {P}. Then there exists a polynomial function q on ³ a
By de£nition, the space A E,{P},`i s the space of functions generated by the a i 1 ,...,i r ( f ) where the i 1 , . . . , i r run from zero to in£nity and where f ranges through the space W Q,. . Another choice of the polynomial function q does not alter the space A E,{P},. By the functional equations of the Eisenstein series involved and the compatibility conditions imposed on the elements inQ it is also independent of the choices of the representatives Q in {P} resp. … ∈Q. Note that A E,{P},`i s spanned by all possible residues and derivatives with respect to the parameter ‚ of Eisenstein series attached to cuspidal automorphic forms of type`at values ‚ in the positive Weyl chamber de£ned by Q for which the in£nitesimal characterÉ⁄ of E ⁄ is matched.
2.3. Let Q = L Q N Q be a standard parabolic Q-subgroup of G so that Q ∈ {P} for a given choice of an associate class {P} ∈ C. The symmetric algebra S (³ a 
) and the sum of m … copies of the induced representation (19) Ind
where H … denotes the representation space corresponding to … ∈Q and occurring with multiplicity
becomes under this identi£cation a homomorphism of (g,
fi denotes the derivative of order fi with respect to a Cartesian system of coordinates on ³ a G Q . Thus as a £rst step, in order to understand the cohomological contribution of the spaces A E,{P},`i n the decomposition
it is necessary to determine the cohomological spaces
The second step regards a careful analysis of the map induced by (20) on the cohomological level.
Classes of type (…, w). Using the interpretation of the
as the sum of m … copies of the induced representation (23) Ind
3, the analysis of the cohomology of the W Q,. › S ( ³ a G Q ) leads to a study of the cohomology of
. By use of Frobenius reciprocity this space is equal to (cf. [F, p. 256] ) (25) Ind
). The n Q -cohomology is well understood by the following result of Kostant ([K, 5.1] ). Let h be a Cartan subalgebra of g contained in l P 0 . The highest weight of the given irreducible £nite dimensional representation (", E) of G(C) is denoted by ⁄. Then the Lie algebra cohomology of n Q with coe-cients in E is given as a (
where the sum ranges over the elements w in the set
of minimal coset representatives for the left coset W Q \W G with length (w) = q, and where
The weights " w are all dominant and distinct. This result implies a further decomposition of (25) 
This allows us to introduce the notion of a cohomology class of type (…, w), w ∈ W Q . By de£nition, it is a class contained in the summand in (29) 
T  
Let F be a quadratic imaginary extension of Q. Let x →x be a nontrivial involution of F/Q. Let V F be a n-dimensional vector space endowed with non-degenerate hermitian form
The group U(H) (resp. S U(H)) is a unitary group (resp. special unitary group) de£ned over Q, that is,
Let us assume n = 2m is even. If we take H m =ˆI m I m , then S U(H m ) becomes a quasi-split algebraic group of rank m which we denote S U(m, m). In the following we let m = 2, i.e., we consider the algebraic Q-group G = S U(2, 2) of rank two.
3.1. Roots and parabolic subgroups. Let
be a Q-split torus and let
Put fi 1 = e 1 /e 2 , fi 2 = e 2 2 . Then the root system ' 0 of G becomes {fi §1
} which is of type C 2 . We £x once and for all the simple roots ¢ Q 0 = {fi 1 , fi 2 }. The conjugacy classes of Q-parabolic subgroups of G are parametrized by the subsets of ¢ Q 0 . Namely let the subsets be J 0 = ∅, J 1 = {fi 2 }, J 2 = {fi 1 } and J 3 = ¢ Q 0 and let the standard parabolic subgroups to be P j = P J j where P J is described as follows: We let S J = ( fi∈J ker fi) -, and let Z(S J ) be the centralizer of S J . Then P J is the semidirect of its unipotent radical U J by Z(S J ). Note that the characters of T in U J are exactly the positive roots which contain at least one simple root not in J. In particular P 0 is a minimal parabolic subgroup and
Now let J = ∅. Then P 0 is described as follows.
The case of J 1 = {fi 2 } is as follows.
The case of J 2 = {fi 1 } is as follows.
In particular, we have
. (34) 3.2. The absolute root system and compatible order. Let h be the Lie algebra of L 0 (R). Then it is a Cartan algebra containing t. Let † j (diag(a 1 , a 2 , a 3 , a 4 )) = a j . Put
Then the absolute root system '(g C , h C ) of g C with respect to h C is given by
This is of A 3 -type. By de£nition, a compatible order with respect to ¢ Q 0 forces the simple roots of g C , h C to be
The compatible simple root ¢ also £xes the positive system ' + (g C , h C ). The root systems '(P j ) of the parabolic subgroups P j (C) are then
The Weyl group W G of G(C) is generated by the simple re¤ections s 1 , s 2 , s 3 de£ned by the simple roots fl 1 , fl 2 , fl 3 , respectively. If we identify W G with the symmetric group of degree 4 by "a re¤ection with respect to † i ¡ † j " → (i j) (a mutual permutation), then s 1 , s 2 , s 3 are given by (1 2), (2 4), (3 4) respectively. The Weyl group W j of L j (C) ( j = 0, 1, 2) are identi£ed with subgroups of W G ,
Let W P be the set of minimal coset representatives of W P \W G de£ned in 2.4. A computation shows 
3.3. Fundamental weights. Let ω 1 , ω 2 , ω 3 be the fundamental weights de£ned by the simple roots ¢, namely
In the following, we express the weights by using coordinates
It is regular if and only if c 1 > 0, c 2 > 0 and c 3 > 0. The simple roots are in ¢ are given in these coordinates by
, 2). Let ‰ P denote the half sum of the roots '(P) of the parabolic subgroup P(C). One obtains in terms of these coordinates ‰ = ‰ P 0 = (1, 1, 1), ‰ P 1 = (3/2, 0, 3/2), ‰ P 2 = (0, 2, 0). 
We take as a fundamental weight of Levi subalgebras in a usual manner.
and for the split part
The coordinates of " w (⁄) = w(⁄+‰)¡‰ as well as its restriction to each Cartan subalgebra are shown in Table 1 , 2 and 3.
C  
As explained in Section 2, we should determine which cohomology class of type (…, w) remain non zero in the summand of (29). In this section we compute the cohomology
and " = " w for all standard parabolic subgroups P j and for all irreducible cohomological unitary representations (…, H … ) of M j . For notation, G, L, M are the groups of real points and
4.1. The minimal parabolic P 0 ( j = 0). Recall that L 0 consists of diagonal elements and M 0 has the identi£cation
which is compact. Leté ,n be the unitary character of M 0 de£ned bý
Given " ∈ h ⁄ C with " = (" 1 , " 2 , " 3 ) as in 3.3, we have an isomorphism
The maximal parabolic P
The £nite dimensional representation F " restricted to M 1 is given by
In order to detect the representations of M 1 with non-zero Lie algebra cohomology we proceed as follows: we take fi ⁄ =ˆi i ∈ Lie(S U (1, 1) ). Then R ¢ fi ⁄ is the compact Cartan subalgebra. Take the dual element fi of fi ⁄ . Then the absolute root system becomes { §2fi}. We £x the positive system so that fi becomes the fundamental weight. Then the discrete series representation D k of S U(1, 1) is described by its Blattner parameter kfi (|k| ‚ 2, k ∈ Z),
whose in£nitesimal character is given by (|k| ¡ 1)fi. By conjugation of S U(1, 1) C , it is identi£ed with (|k| ¡ 1)ω 02 . Because the non trivial cohomological unitary representations of S U(1, 1) are nothing but the discrete series representations, those of M 1 with non-zero cohomology are then
So we have the lemma.
, and e · " 2 (mod 2) 0 otherwise.
4.5. The maximal parabolic P 2 ( j = 2). For the Levi subgroup L 2 we consider the identi£cation
Then M 2 can be seen as the subgroup of elements (A,
tĀ¡1
) with det A = §1. Take the two fold covering
Since a representation of the left-hand side factors through p only when the kernel acts trivially, the irreducible £nite dimensional representations of S (GL 2 (C) £ GL 2 (C)) are given by symmetric tensor representations
The representations of M 2 are given by their restriction. For given the highest weight " = (" 1 , " 2 , " 3 ), we have
as L 2,C -module.
To describe cohomological representations, we prepare the notation for principal series representations of S L 2 (C) 2 (cf. [G-S] ). Let Q be the minimal parabolic subgroup of L 2 with its split torus A Q with Lie algebra a Q = R diag(1, ¡1, ¡1, 1). The root system of Q is given by { §(ω 01 + ω 02 )}. Along the Levi decomposition Q = L Q N Q , the principal series I(e, n, ") is de£ned by the underlying (
The only equivalence is the case I(e 1 , n 1 , " 1 ) I(e 1 , ¡n 1 , ¡" 1 ).
The computation of the cohomology of the principal series is outlined as follows III.3.3] ). Because L 2 is of A 1 £ A 1 -type, the Weyl group of L 2 is isomorphic to Z/2Z '2 and contains the elements of length 0, 1, 1 and 2. Let K Q be the maximal compact subgroup of Q.
and one of the following set of conditions is satis£ed:
. As a conclusion we have the lemma.
Lemma 4.6. Given the highest weight
" = (" 1 , " 2 , " 3 ) ∈ h ⁄ C of the irreducible L 2,C module F " we have (1) If … is one-dimensional, H q (m 2 , K L 2 , H … › F " ) =            C q = 0, 3, … = 1, " 1 = " 3 = 0, " 2 ∈ 2Z, C q = 0, 3, … = det, " 1 = " 3 = 0, " 2 ∈ 2Z + 1, 0 otherwise (2) If … = I(e, n, "), H q (m 2 , K L 2 , H … › F " ) is isomorphic to                          C q = 0, 1, " = ¡" 1 ¡ " 3 ¡ 2, n = ¡" 1 + " 3 , e · " 2 (mod 2) q = 1, 2, " = " 1 ¡ " 3 , n = " 1 + " 3 + 2, e · " 1 + " 2 + 1 (mod 2) q = 1, 2, " = " 3 ¡ " 1 , n = ¡(" 1 + " 3 + 2), e · " 2 + " 3 + 1 (mod 2) q = 2, 3, " = " 1 + " 3 + 2, n = " 1 ¡ " 3 , e · " 1 + " 2 + " 3 (mod 2) 0 otherwise.
Furthermore if we assume that … is unitary, it follows
Lemma 4.7.
(1) If … is one-dimensional, the conclusion is the same as in Lemma 4.6(1). (2) If … = I(e, n, "), the equality " 1 = " 3 is necessary for the non-vanishing of the cohomology. Precisely,
, and e · " 1 + " 2 + 1 (mod 2) 0 otherwise. This assertion also follows from the use of the Cartan involution ([B-W, II.6.12]). The Cartan involution 2 = L 2 of L 2 acts on the fundamental Cartan subalgebra, and so on its dual. In this case 2 (ω 01 ) = ¡ω 02 , 2 (ω 02 ) = ¡ω 01 . Modulo by the Weyl group, it determines an automorphism on the weight space. 
is an open compact subgroup, one gets the cohomology of the space
The space X C may be viewed as the interior of a compact space X C with corners called the Borel-Serre compacti£cation ( [Rohlfs] §1 in the adelic frame work). The inclusion X C → X C is a homotopy equivalence so that the corresponding cohomology spaces coincide. The boundary of X C is denoted by ∂(X C ). The pair (X C , ∂(X C )) gives rise to a long exact sequence in cohomology
The interior cohomology is, by de£nition, the image of the cohomology with compact supports under the natural map j † . It is denoted by H † ! (X C , E). The interior cohomology contains the cuspidal cohomology, i.e., H †
The absolute rank of the real Lie groups G(R) and K R coincide, and the dimension of the corresponding symmetric space
Thus the virtual cohomological dimension of an arithmetic subgroup ¡ of G is equal
The constant q 0 (G(R)), in general de£ned by
) turns out to be equal four. Note that l 0 (G(R)) = rank G(R) ¡ rank K R = 0. As a consequence of the general result in 5 .6], we obtain the following.
Theorem 5.2. Let G = S U(2, 2) be the quasi-split special unitary group of Q-rank two de£ned in Section 3, and suppose that the highest weight of the given £nite dimensional
and the restriction map r
In these degrees (i.e., j = 5, 6, note that otherwise the cohomology vanishes above the virtual cohomological dimension) the cohomology H j (X C , E) is spanned by regular Eisenstein cohomology classes. 5.3. Given an associate class {P} ∈ C of a proper parabolic Q-subgroup of G, we now determine the internal structure of the corresponding subspace
in the decomposition (14 bis.) of the Eisenstein cohomology H † Eis (G, E). Let`= {Q} Q∈{P} be a class of associate irreducible cuspidal automorphic representations of the Levi components of elements in {P}. The actual construction of the elements in A E,{P},`i s given by the map (20 bis.)
,ẁ here … ∈Q denotes an irreducible cuspidal automorphic representation. By assumption the highest weight ⁄ of the representation (", E) (determining the coe-cient system in cohomology) is regular. This implies, by [S94, 4.9] that the highest weight 
of type (…, w) indexed by w ∈ W Q corresponds to a cuspidal representation … ∈Q whose Archimedean component is tempered.
We consider an Eisenstein series E( f, ‚) attached to a non-trivial cohomology class of type (…, w), … ∈Q, w ∈ W Q , with f ∈ W Q,. . As shown in [S83, 3.4,4.3] the analytic behavior of the Eisenstein series E( f, ‚) at the point
The element ‚ w is real and uniquely determined by (…, w) . One has Theorem 5.4 ([S83, 4.11] 
Such a class is called a regular Eisenstein cohomology class. As for the case of S U(2, 2) we compute ‚ w for standard parabolic subgroups using (38). See Table 4 , 5 and 6. Theorem 5.5. Let {P 1 } ∈ C be the associate class represented by the standard maximal parabolic Q-subgroup P 1 of G. Suppose that the highest weight ⁄ of the representation (", E) is regular. Then the summand
In the £rst resp. second case the point of evaluation ‚ w for the Eisenstein series E( f, ‚) attached to the non-trivial cohomology classes of type (…, w), … an irreducible cuspidal representation inQ (Q ∈ {P 1 }) whose Archimedean component is tempered is given by
Since ⁄ is regular, these points lie inside the region of absolute convergence of the Eisenstein series so that E( f, ‚) is holomorphic at ‚ w . Then the class [E( f, ‚ w )] is a non-trivial cohomology class in H
there is only one possible choice for the Archimedean component … ∞ = † ,n › D k of the representation … occurring in the type (…, w) of the class we started with. The parameters ( †, n) resp. the minimal K Q -type of the discrete series representation D k can be read ofi from the list given in 4.8.
5.7. In the case of the associate class {P 0 } represented by the standard minimal parabolic Q-subgroup P 0 of G we have to assume some familiarity with the results obtained in [S94] . Given a pair Q 0 ‰ Q of parabolic Q-subgroups in G with Q 0 ∈ {P 0 } and a maximal parabolic Q-subgroup Q there is the following relation between the corresponding sets W 
Under the assumption that the highest weight ⁄ of (", E) is regular it is shown ([S94, 6.3,7] ) that a necessary condition for a class of type (…, w) to give rise to a non-trivial Eisenstein cohomology class in H † (G, E) is that the inequality
is satis£ed. As usual N S (R) denotes the group of real points of the unipotent radical N S of a parabolic Q-subgroup S . In our case, the right-hand side of (44) takes the value 3/5 for Q of P 1 resp. 3/4 for Q of type P 2 . Thus, the condition reads as (w Q/Q 0 ) ‚ 1. As a consequence, if a given w ∈ W Q 0 is also an element in W Q , i.e., one has w Q/Q 0 = 1 in the decomposition (43), the condition is not satis£ed.
This argument leads us to compare the set W P 0 with the sets W P 1 resp. W P 2 as given in 3.2 when we analyse the possible Eisenstein cohomology classes attached to a non-trivial cohomology class of type (…, w), w ∈ W P 0 . Of interest for us are only the elements of length 6, 5 and 4 in W Q 0 . The unique element w G in W P 0 of length 6 is not contained in W P i i = 1, 2. The corresponding point of evaluation is
One has ‰ P 0 = 3ω 01 + ω 02 so that ‚ w G lies in the region of absolute convergence of the corresponding Eisenstein series. By 5.4, [E( f, ‚ w G )] is a non-trivial regular Eisenstein cohomology class in H are not contained in any of the sets W P i , i = 1, 2. The corresponding points ‚ w are given by ‚ w = (c 2 + c 3 + 2)ω 01 + (c 1 + c 2 + 2)ω 02 ‚ w = (c 1 + c 2 + 2)ω 01 + (c 2 + c 3 + 2)ω 02
As above the classes of type (…, w) with w = w or w = w give rise to Eisenstein cohomology classes in H by the Cayley transform and so with the root system ' = '(g C , h C ). Then a computation shows that the compact roots (resp. noncompact roots) are §{fl 1 , fl 3 } (resp. §{fl 1 + fl 2 + fl 3 , fl 2 , fl 2 + fl 3 , fl 1 + fl 2 }). We de£ne a -stable parabolic subalgebra in the following way. Note that the fundamental Cartan subalgebra in our case is itself compact. Take x ⁄ ∈ √ ¡1(h ) ⁄ . Put (l x ⁄ ) C (resp. u x ⁄ ) be the sum of root spaces g fl of roots fl such that fl, x ⁄ = 0 (resp. fl, x ⁄ > 0). Then q x ⁄ = (l x ⁄ ) C +u x ⁄becomes a -stable parabolic subalgebra determined by x ⁄ . The K C -conjugacy classes of the -stable parabolic subgroups are found in Table 7 
